In this paper, the problem of a 1D elastic distributed system coupled with a moving linear oscillator, often referred to as the ''moving oscillator'' problem, is studied. The problem is formulated using a ''relative displacement'' model, which shows that, in the limiting case of infinite oscillator stiffness, the moving mass problem is recovered. The coupled equations of motion are recast into an integral equation that is amenable to solution by a direct numerical procedure. Both the integral equation and the numerical procedure show that the response of the elastic system at the current time depends only on the time history of its response at the positions of the oscillator. Numerical results are presented for the examples of a string and a simply supported beam and are compared to the moving force solutions. It is shown that the oscillator, with its stiffness suitably tuned, can excite the elastic structure into resonance.
INTRODUCTION
The prediction of the dynamic response of a distributed elastic system that supports one or more translating elastic subsystems has been a fundamental problem of interest for well over a century. Interest in this problem originates in structural engineering for the design of railroad tracks, railroad bridges, and highway bridges, wherein the accurate calculation of loads is essential for reliable design and accurate life prediction (Stokes 1883; Tan and Shore 1968; Ting and Yener 1983) . It has been observed that, as a structure is subjected to moving loads, the dynamic deflection and stresses can be significantly higher than those observed in the static case. Hence, strict design criteria are now required as structural engineers become more aggressive in the use of long, flexible spans in cablestayed and suspension bridges, and compliant bearings in highway bridges to accommodate environmental loads.
In addition to remaining a classical mechanics problem, the topic addressed here also has applications to structures such as parking garages and aircraft carriers, advanced propulsion concepts such as railguns (Johnson 1993) , high speed precision machining (Chen and Wang 1994; Argento 1995) , magnetic disk drives (Iwan and Stahl 1973; Weisenel and Schlack 1993; Huang and Chiou 1997) , and cables transporting materials (Zhu and Mote 1994) .
Important characteristics of the response solution of a distributed parameter structure carrying one or more traveling elastic subsystems is that no steady-state response exists for this problem, and the system stability is determined by the transient response. Hence, classical solution techniques for steady-state response cannot be applied. Moreover, the solution must be obtained by solving a set of coupled partial-ordinary differential equations simultaneously. In general, three types of problems have been considered in the literature. The moving load problem, which neglects the inertia of the moving subsystem, occurs in high speed machining processes. On the other hand, as the coupling stiffness between the distributed structure and the elastic subsystem approaches infinity, we have the moving mass problem. It should be noted that the constraint force, which couples the two elastic subsystems, remains finite for this problem. The moving oscillator problem is obtained when the coupling stiffness is finite, and the inertial effect of the subsystem is not negligible. This problem is found in many realistic engineering problems (e.g., a vehicle traveling across a bridge).
Early works on the dynamic response of a structure under the influence of a moving force system studied the response of infinite beams on elastic foundations and under moving loads (Mathews 1958; Kenny 1954; Fryba 1957) . The results of Mathews and Kenny were extended to a Timoshenko beam, and the effects of shear deformation on the beam response and critical speeds were examined (Chonan 1978; Mackertich 1990; Felszeghy 1996a,b) . In addition to string and beam problems, the response of other elastic structures under moving loads include infinite plates (Alder and Resimann 1974) , rotating shafts (Argento 1995) , rotating cylindrical shells (Huang and Hsu 1990) , rotating plates for disk drive and circular saw applications (Mote 1977; Yu and Mote, 1987; Huang and Chiou 1997) . Recently, Henchi et al. (1997 Henchi et al. ( , 1998a showed the response of multispan beams under moving loads using an exact-stiffness finite-element formulation with both direct and iterative coupling.
The moving mass problem, involving 1D distributed elastic structures, has also been examined. Sadiku and Leipholz (1987) provided the most comprehensive discussion. Green's function approach is proposed for the ''moving force/moving mass'' problem, and the solution by successive approximations is shown to converge. Several investigators have applied separation of variables to both the beam (Stanisic and Hardin 1969; Stanisic et al. 1974; Stanisic 1985; Saigal 1986 ) and plate problems (Saigal et al. 1987; Agrawal and Saigal 1986) , whereas others have formulated and solved the Volterra equation through eigenfunction expansion of the kernel (Lee 1996; Pesterev and Bergman 1998a) . Finally, the response of an infinite beam to a moving vibrating mass has been examined (Benedetti 1974; Duffy 1990) .
Although most research has focused on the moving force and moving mass problems, the moving oscillator problem has been addressed relatively infrequently. The finite-element method has been employed to analyze an oscillator traversing a Euler-Bernoulli beam (Lin and Trethewey 1990; Fujino et al. 1994) , whereas others have employed Fourier series and Galerkin methods (Inglis 1934; Biggs 1964; Fryba 1972) . More recently, the problem was solved by expanding the kernel of the governing integral equation in terms of the eigenfunctions of the continuum Bergman 1997a,b, 1998b) .
As Sadiku and Leipholz (1987) pointed out, the analysis of the original moving force/moving mass problem (Timoshenko al. 1974 ) is nontrivial, due primarily to one or more singularities in the inertia operator of the system, which depends on both the temporal and spatial variables. Thus, the moving force/moving mass problem is generally approximated to first order by the moving force problem, which has been well documented by Fryba (1972) and others. It should be noted that neither the ''moving force'' solution given by Fryba nor the moving force/moving mass solution given by Sadiku and Leipholz can adequately account for the complex and important dynamic effects caused by the compliance of the moving elastic subsystem (i.e., the oscillator). Other pertinent studies related to the three types of problems addressed earlier include the response of beams under the combined effect of an axial force and a moving load (Kerr 1972 ) and the random vibration of elastic structures under moving loads (Knowles 1968 (Knowles , 1970 Fryba 1976 Fryba , 1977 Fryba , 1986 Bolotin 1982) .
The objectives of this paper are twofold. First, the formulation of the problem of a single-degree-of-freedom undamped oscillator traversing a 1D elastic continuum is presented in the second section, with careful attention to the relation between this problem and the moving mass problem. It is shown that, as the stiffness of the spring approaches infinity, we recover the moving mass problem discussed by Sadiku and Leipholz (1987) . Moreover, the present formulation leads to a much simpler solution procedure that does not explicitly include the inertial convective term, although its effect has been carefully included in the formulation. Second, an exact integral formulation for the response solution of the coupled dynamic system is given in the third section. The resulting integral equations require only integration in the time variable, and a novel, direct integration approach is proposed for their solution, which avoids the tedious recursive iterations associated with the method of successive approximations used by Sadiku and Leipholz (1987) . The method is applied to a taut, uniform string and a simply supported beam.
PROBLEM FORMULATION

Equation of Motion
Consider a 1D continuum carrying a moving oscillator of stiffness k and inertia m, shown in Fig. 1 , where c is the constant speed of the oscillator, L is the length of the continuum, and f (x, t) is the external force acting on the distributed system. The displacement w(x, t) of the distributed parameter system is governed by the partial differential equation
with homogeneous boundary conditions Bw(x, t) = 0 and initial conditions w(
where w t = Ѩw/Ѩt (the boundary includes the two endpoints x = 0 and x = L); = mass density of the distributed system; q c (t) = constraint force applied to the distributed system by the moving oscillator at their contact point x = ct; B = boundary operator; and a(x) and b(x) = initial displacement and initial velocity of the continuum, respectively.
The positive definite spatial operator K describes the stiffness or elastic restoring force of the distributed system. For example, for a taut uniform string under tension p, K = ϪpѨ 2 / Ѩx 2 , and for a uniform Euler-Bernoulli beam with bending stiffness EI, K = EIѨ 4 /Ѩx 4 . The constraint force is given by
where ␤(t) = relative displacement between the distributed system and the oscillator (refer to Fig. 1 ).
Here, y(t) is the absolute displacement of the lumped mass, which is along the same line as the displacement of the continuum at the contact point x = ct. Both y(t) and w(x, t) are the absolute displacements measured in a fixed frame. The motion of the lumped mass satisfies
Eq.
(1) can be expressed, by (4), as
Asymptotic Behavior: Moving Mass Problem
A continuum carrying a moving mass is a special case of the above coupled system model when the spring coefficient k of the oscillator goes to infinity. To show this, consider the relation between the absolute and relative displacements of the lumped mass
The acceleration of the mass, from (6), is given by
Substitution of (4) and (7) into (5) gives
for x ʦ 0, L, where g = acceleration of gravity. When the spring coefficient k is allowed to become infinite, the relative displacement ␤(t) is zero, implying that will be zero for ␤(t) any t. Thus, (8) becomes
for x ʦ 0, L, which is identical to that used in the previous studies (Sadiku and Leipholz 1987) . The constraint force in this limiting case is
Clearly, as k → ϱ, ␤(t) → 0; however, the product k␤(t) must be determinate and finite. Eqs. (5) and (8) are equivalent in that they both describe the response of the coupled system. The latter, however, has been shown to be advantageous for demonstrating the relationship between the moving mass and moving oscillator problems. The former, on the other hand, is simpler for developing solution procedures because its right-hand-side terms do not explicitly involve spatial and temporal terms such as (Ѩ/Ѩt ϩ cѨ/Ѩx) 2 .
GENERAL SOLUTION PROCEDURES
As shown previously, the fundamental problem is to solve (4) and (5), subject to appropriate boundary and initial conditions. Note that the Dirac delta function ␦(x Ϫ ct) in (5) indicates that the oscillator is at the left end of the continuum, x = 0 at time t = 0, and travels to the right end, x = L, at time t = L/c. Hence, w(x, t) in the interval 0 < t Յ L/c is to be determined. In the following analysis, the coupled system is first decomposed into its component distributed and lumped subsystems, and Green's function is determined for each. The subsystems are then coupled through the use of Green's functions, leading to an integral equation for the response of the coupled system.
Response of Distributed System without Moving Oscillator
The displacement z(x, t) of the distributed system without the moving oscillator is described by the equation
tt subject to the boundary conditions Bz(x, t) = 0 and initial
Green's function formula for this system is given by
The distributed system space-time Green's function is expressed by the eigenfunction expansion
where j and j (x) = solutions of the eigenvalue problem, where j = 1, 2, . . .
with the eigenfunctions j satisfying the orthonormality condition
Response of Moving Oscillator
By (3) and (4), the equation of motion for the moving oscillator is 2 2
͙ where = natural frequency of the oscillator. Physically, w(ct, t) is the unknown motion of the foundation (or support) of the oscillator. The response of the oscillator is
where y(0) and ẏ(0) = initial displacement and velocity of the mass, respectively; and h(t) = 2 multiplied by the influence or Green's function of the oscillator due to the foundation motion, which is given by
Coupling of Distributed and Lumped Subsystems
Application of (12) to (5) leads to
and z(x, t) is given in (12). Note that, for given initial conditions and external disturbances, w eI (x, t) is known. The expression for w l (x, t) involves double integration. Interchange in the order of integration gives
where
It follows that the response of the coupled system is governed by the integral equation
where the integral kernel is given by
By eigenfunction expansions, the kernel J(x, t, ) is of the form
Because the eigensolution of the uncoupled distributed parameter system can be accurately determined by many welldeveloped techniques or in some cases by experimental measurements, the integral kernel can be precisely and systematically evaluated. Note that (23) states that w(x, t) depends only on the time history of w(c, ) for Յ t.
The boundary-initial value problem for the coupled system (4) and (5)], which are subject to arbitrary boundary and initial conditions. Through use of Green's function formulas [(12) and (17) 
NUMERICAL METHOD
In this section, a numerical integration formulation of (23) is presented. This method requires the discretization of the integral equation [(23) ] over the space-time continuum. Define a solution region S by
where L = length of the distributed system; and c = (constant) traveling speed of the oscillator. Here, the upper bound of the variable t is the time needed for the oscillator to travel from the left end (x = 0) to the right end (x = L) of the continuum. The region S is divided into a N ϫ N equally spaced mesh, where
The response of the distributed system at times t = (t 1 , t 2 , . . . , t N ) is evaluated. Consider the response of the continuum at time t n , 1
Assume that the mesh of the region S is sufficiently dense. Then, the integral in (29) can be approximated by the numerical quadrature
where d i = constant of a chosen quadrature formula. For the trapezoidal rule, for instance
It is clear from (30) that evaluation of w(x, t n ) for any x requires only knowledge of w(ct i , t i ), where i = 0, 1, . . . , n Ϫ 1, consistent with the physics of (23). This is demonstrated in Fig. 2 , where circles on the diagonal of the rectangle mark the points w(ct i , t i ). Suppose that w(ct 0 , t 0 ), w(ct 1 , t 1 ), . . . , w(ct nϪ1 , t nϪ1 ) have been determined. Then (30) can be rewritten
Replacing x by ct n in (32) and solving for w(ct n , t n ) gives
Eq. (34) is substituted into (32) to obtain the response of the distributed parameter system at any x ʦ [0, L]. Once all w(ct i , t i ) are known, the response of the oscillator can be similarly evaluated from (17) 1
This suggests a straightforward numerical algorithm for the solution of the ''moving oscillator'' problem. The response of the coupled system at t = t n , 1 Յ n < N can be evaluated as follows:
1. Beginning at t 0 = 0, evaluate w(ct 0 , t 0 ) = a 0 and store it in the program, where the function a(x) is the prescribed initial displacement of the distributed system [see (1)]. Then, set n = 1 to start the time-marching-forward numerical algorithm. 2. Calculate w eI (ct n , t n ) and U n (x) by (19) and (33), respectively; determine w(ct n , t n ) by (34) and store it in the program. 3. For a given x, determine w(x, t n ) and y(t n ) from (32) and (35), respectively. 4. Set n = n ϩ 1 and return to Step 2. Repeat until the process is known at all the grid points in S. 
NUMERICAL RESULTS
In this section, numerical results are presented for the examples of a taut uniform string [K = Ϫp(Ѩ 2 /Ѩx 2 )] and a simply supported beam [K = EI(Ѩ 4 /Ѩx 4 )]. The initial conditions are assumed to be zero. The numerical algorithm is programmed into Mathematica, utilizing its symbolic computation ability for w eI (x, t) and r j (t, ). In each case, 50 terms are used in Green's function series [(13)] . These results, when compared to those obtained using a 100-term series expansion show practically no difference. Simulation results are obtained for a practical problem of a heavy truck moving on a bridge, in which the truck and the bridge are modeled by the moving oscillator and the elastic system, respectively. In all calculations, the following nominal values are used: m = 30,000 kg (33 tons), L = 20 m, = 15,000 kg/m, p = 54 ϫ 10 6 N, c = 12.5 m/s or 25 m/s, E = 2 ϫ 10 11 N/m 2 , and I = 0.048 m 4 . The oscillator stiffness is varied to simulate the effects of the truck suspension natural frequency on the response of the bridge. Note that L may be interpreted as the length between successive spans supporting the bridge.
Taut Uniform String
The uniform taut string, fixed at x = 0 and x = L, is considered. Introduce the following nondimensional parameters:
The external force is assumed to be zero,
and dropping the overbars, we arrive at the nondimensional form of the equation of motion
tt xx (36) subject to the boundary conditions w(0, t) = w(1, t) = 0 and assumed quiescent initial conditions w(x, 0) = w t (x, 0) = y(0) = ẏ(0) = 0. Note that the effect of the weight of the moving mass is not an external force to the continuum, but its influence is through the constraint k␤(t). The response to a moving force of constant magnitude applied directly to the continuum can readily be found and will be useful as a basis of comparison for the moving oscillator solution. Thus, let be the response of the continuum tõ z(x, t) a force with magnitude equal to the weight of the oscillator W moving at constant speed c, described bỹz
tt xx and subject to the same boundary and initial conditions given above. The system eigenvalues and normalized eigenfunctions are given by j = j and j (x) = sin jx, respectively, 2 ͙ where j = 1, 2, . . . . The space-time Green's function is
and the moving force solution, from (12), can be expressed as
The solution of the moving oscillator problem for the continuum response is obtained by solving the integral equation [(23)] , where w eI (x, t) can be evaluated in closed form using, for example, Mathematica. The function J (x, t, ) 
where r j (t, ) can also be evaluated in closed form. Note that the response solutions of the oscillator and the string depend on the normalized parameters c, k, g, and , which are not all independent. The values of the nondimensional parameters for the results presented herein are summarized in Table 1 . Figs. 2(a and b) compare the moving force solution to the moving oscillator solution. The negative values are plotted as the deflection of the string is downward due to the weight. Note that the ''wavefronts'' of the two solutions are very different. The moving force solution shows a pyramid-shaped wavefront, and the moving oscillator solution gives a response that is much smoother. It can also be shown that the difference between these two solutions is of the same order of magnitude as the moving oscillator solution. Thus the moving force so- lution can give a misleading picture of the behavior of this coupled dynamic system. From Green's function of (38), the natural frequencies of the string are j, where j = 1, . . . . It is interesting to find out whether a moving oscillator can excite the string to resonance. We select the parameters so that is close to the first natural frequency of 3.14159. Fig. 3(a) shows the response of the string; its growing amplitude indicates a resonance phenomenon. Comparing Fig. 3(a) to Figs. 2(a and b) , the speed of the vehicle has been reduced by half to better visualize this transient resonance. It is important to note that the moving force solution cannot predict this resonance. Although the string is excited to resonance, the response of the oscillator is bounded and does not seem to grow [ Fig. 3(b) ]. The resonance behavior suggests that, with a series of trucks arriving and leaving the bridge span at equal time intervals, the bridge response amplitude could continue to grow with time. If the stiffness of the oscillator is tuned so that is close to other natural frequencies of the string, similar resonance behavior is observed in the simulation results, with the response of the oscillator remaining bounded.
Simply Supported Euler-Bernoulli Beam
The normalization procedure is similar to that of the string problem except that the characteristic frequency ⍀ is defined by ⍀ 2 = EI/L 4 . Again, dropping the overbars for nondimensional parameters, the governing equation of motion for the beam is
subject to boundary conditions
xx xx
The eigensolution is given by j = j 2 2 and j (x) = sin 2 ͙ kx, where j = 1, . . . . The moving force solution due to the weight of the oscillator can be expressed as
Using Mathematica, w eI (x, t) and r j (t, ) are again evaluated in closed form, and the proposed numerical approach is then applied. Nondimensional parameters employed in the results presented herein are summarized in Table 2 . Fig. 4(a) shows the moving force solution, revealing a series of ''humps.'' This 3D plot, when compared to solutions in the literature for w (ct, t) [e.g., Argento (1995) ], reveals the same qualitative behavior. Numerical simulations show that the number of humps increases/decreases with decreasing/increasing speed of the oscillator, with maximum beam deflection occurring when the oscillator is at about the midspan. This suggests that for a fast moving truck crossing a bridge, the moving load disturbance propagates along the bridge quickly. Fig. 4(b) shows that the moving oscillator solution does not exhibit the humps, and the amplitudes are about twice those of the moving force solution. Again, the moving force and moving oscillator solutions predict very different results. By setting the oscillator natural frequency close to the first mode of the beam, Fig. 5(a) shows that the beam is excited to a transient resonance. This growth in amplitude becomes more severe if the speed of the vehicle is reduced. As in the string case, the amplitude of the oscillator remains bounded as it traverses the beam, as seen in Fig. 5(b) .
CONCLUDING REMARKS
The problem of an elastic distributed system coupled with an oscillator translating at constant speed, often referred to as the moving oscillator problem, has been examined. The problem was formulated using a ''relative displacement'' model, and it was shown that, in the limiting case, the moving mass problem is recovered. The coupled equations of motion were recast into an integral equation, and a direct numerical procedure for the response of the coupled system was presented. The response of a string or a beam carrying a moving oscillator was studied, and the response of the continuum was seen to be sensitive to the dynamic characteristics of the oscillator. Moreover, it was shown that the moving force solution gave a very misleading picture of the behavior of the coupled moving oscillator-continuum system.
With structures such as bridges being constructed in new and innovative ways, often involving lightweight materials, long spans, and flexible supports, the importance of modeling the dynamic interaction between subsystems (i.e., between the bridge and the vehicles it carries) is likely to become increasingly important. The development of efficient semianalytical procedures to effectively solve these difficult problems is the motivation behind this paper and continues to be a focus of our research in this area.
